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Abstract 

An anhomomorphic logic A* is the set of all possible realities for 
a quantum system. Our main goal is to find the "actual reality" 
4> a € A* for the system. Reality filters are employed to eliminate 
unwanted potential realities until only <p a remains. In this paper, we 
consider three reality filters that are constructed by means of quantum 
integrals. A quantum measure fi can generate or actualize a (j) £ A* if 
/J,(A) is a quantum integral with respect to (f> for a density function / 
over events A. In this sense, [i is an "average" of the truth values of 
<j) with weights given by /. We mainly discuss relations between these 
filters and their existence and uniqueness properties. For example, 
we show that a quadratic reality generated by a quantum measure is 
unique. In this case we obtain the unique actual quadratic reality. 

"Reality is merely an illusion, albeit a very persistent one." 

— Albert Einstein 



1 Introduction 

In the past, one of the main goals of physics has been to describe physical 
reality. Recently however, physicists have embarked on the even more am- 
bitious program of actually finding physical reality. Specifically, their quest 
is to find the universal truth function (j) a . If A is any proposition concerning 
the physical universe, then a (^4) is or 1 depending on whether A is false 
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or true. Assuming that the set of propositions is a Boolean algebra A, we 
can think of A as an algebra of subsets of a universe Q of outcomes. The 
outcomes are frequently interpreted as paths (or trajectories or histories) of 
a physical world. The actual physical universe fii is vast, complicated and 
probably infinite. To make the situation more manageable, we shall only 
consider a toy universe Q with a finite number of elements. This will still 
enable us to investigate structures that may be applicable to flj. 

The theory that we present originated with the work of R. Sorkin [T2| 
IT3] who was motivated by the histories approach to quantum mechanics 
and quantum gravity and cosmology [9j [TOj E] • Sorkin called this quantum 
measure theory and anhomomorphic logic. After Sorkin's pioneering work, 
many investigators have developed various aspects of the theory [TJ |5J El 
IH El [U [HI [151 EE]. F° r a classical universe, a truth function would 
be a homomorphism <p from the algebra A of propositions or events to the 
two-element Boolean algebra Z 2 = {0, 1}. However, because of quantum 
interference, a truth function describing a quantum reality need not be a 
homomorphism. We call the set 

A* = {(f): A^Z 2 : 0(0) =0} 

the full anhomomorphic logic. The elements of A* are interpreted as potential 
realities for a physical system and are called coevents. Our task is to find the 
actual reality <p a G A* which describes what actually happens. 

Even if the cardinality n = |0| of f2 is small, the cardinality \ A*\ = 2^ 2 ™ -1 ^ 
of A* can be immense. Hence, it is important to establish reality filters that 
filter out unwanted potential realities until we are left with the actual reality 
<f) a . Mathematically, reality filters are requirements that can be employed to 
distinguish <j) a from other possible coevents. One of the main reality filters 
that has been used is called preclusivity [21 El H21 E321 EES] ■ Nature has provided 
us with a quantum measure \i which is related to the state of the system. 
The measure /i is where the physics is contained and information about \x is 
obtained by observing the physical universe. Specifically, \x is a nonnegative 
set function on A that is more general than an ordinary measure. For A G A*, 
n{A) is interpreted as the propensity that the event A occurs. If (jl(A) = 0, 
then A does not occur and we say that A is precluded. We say that (f> E A* 
is preclusive if 4>(A) = for all precluded A G A. It is generally agreed that 
(f) a should be preclusive. 

Although preclusivity is an important reality filter, it too weak to de- 
termine (p a uniquely. Other reality filters that have been used involve the 
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algebraic properties of coevents and are called unital, additive, multiplica- 
tive and quadratic properties [21 [TJ El [121 EH EE]- Unfortunately, there does 
not seem to be agreement on which, if any, of these properties is appropriate. 
In this paper we shall consider three other reality filters, two of which were 
proposed in [Sj. These filters involve coevents that determine the quantum 
measure using an averaging process called a quantum integral. These filters 
are called 1-generated, 2-generated and actualized. 

The present paper continues our study of 1-generated and 2-generated 
coevents and introduces the concept of an actualized coevent. Our main 
result shows that if and ip are quadratic coevents that are 1- or 2-generated 
by a quantum measure //, then = if). This shows that the 1- and 2-generated 
filters uniquely determine a quadratic reality. We also demonstrate that 
this result does not hold for actualized coevents. It is proved in [8] that 1- 
and 2-generated coevents are preclusive and we show here that this result 
does not hold for actualized coevents. Although we have not been able to 
prove this, we suspect that 1-generated, 2-generated and actualized are in 
increasing order of generality. We give some examples that seem to point 
in this direction. For instance, we give examples of coevents that are 2- 
generated and actualized but are not 1-generated. We also give an example 
of a coevent that is actualized but we conjecture is not 2-generated. 

Quantum measures that 1- or 2-generate a coevent appear to belong to a 
rather restricted class. The main reason for introducing the actualized filter 
is that it appears to be more general so it admits a larger set of actualiz- 
ing quantum measures. We present evidence of this fact by considering a 
sample space Q with |0| = 2. Various open problems are presented. These 
problems mainly concern quantum measures and coevents that correspond 
to our three reality filters. We begin an approach to one of these problems 
by characterizing 1-generated coevents when |Q| = 2 or \Q\ — 3. 

2 Anhomomorphic Logic 
and Quantum Integrals 

Let Q be a finite nonempty set with cardinality \Q\ = n. We call Q a 
sample space. We think of the elements of Q as outcomes or trajectories of 
an experiment or physical system and the collection of subsets A = 2 n of Q 
as the possible events. We can also view the elements of A as propositions 
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concerning the system. Contact with reality is given by a truth function 
0: A — > Z 2 where Z 2 = {0,1} is the two-element Boolean algebra with 
the usual multiplication and addition given by © = 1 © 1 = and 
0© 1 = 1©0 = 1. 

For oj G fl we define evaluation map u* : A — > Z 2 given by 



phism; that is, satisfies 
(HI) 0(fi) = 1 (unital) 

(H2) (j){A UB) = 0(A) © 0(5) whenever An5 = | (additivity) 
(H3) 0(A nB) = 0(A)0(E) (multiplicativity) 

In (H2) A U B denotes AU B whenever A n Z? = 0. It is well-known that 
is a homomorphism if and only if = u* for some w G Q. Thus, there are n 
truth functions for classical systems. 

As discussed in [21 [T2J EU H5|, f° r a quantum system a truth function 
need not be a homomorphism. Various conditions for quantum truth func- 
tions have been proposed. In [121 13] it is assumed that quantum truth 
functions satisfy (H2) and these are called additive truth functions while in 
[21 [15] it is assumed that quantum truth functions satisfy (H3) and these 
are called multiplicative truth functions. In [7] it is argued that quantum 
truth functions need not satisfy (HI), (H2) or (H3) but should be quadratic 
or grade-2 additive in the sense that 

(Q4) 0(AU5UC) = 0(AU5)©0(AUC)©0(5UC) ©0(A) ©0(5) ©0(C) 

If 0, i)\ A Z 2 we define 0^: A -»■ Z 2 by (#)(A) = 0(A)^(A) and 
© V : -4 -»■ Z 2 by (0 © ip)(A) = (f)(A) © ip(A) for all A G A. We define the 
and 1 truth functions by 0(A) = for all A G A and 1(A) = 1 if and only 
if A 7^ 0. It can be shown [21 [T2] that is additive if and only if is a 
degree- 1 polynomial 




For classical systems, it is assumed that a truth 



function is a homomor- 



= © • • • © < 
and that is multiplicative if and only if is a monomial 



/ * * * 

( f) = u 1 u 2 ---u n 
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Moreover, one can show [2J [7] that is quadratic if and only if is a degree- 1 
polynomial or is a degree-2 polynomial of the form 



= u{ © • • • © UJ* m © U)*U* © • • • © u*u* s 



We call A* = {0 : A — > Z 2 : 0(0) = 0} the full anhomomorphic logic and the 
elements of A* are called coevents. There are 2 < - 2 " -1 ) coevents of which n 
are classical, 2 n — 1 are additive, 2 n — 1 are multiplicative and 2 n<yn+l ^ 2 are 
quadratic. It can be shown that any coevent can be written as a polynomial 
in the evaluation maps and that such an evaluation map representation is 
unique up to the order of its terms [21 U\- 

Applying (Q4) one can prove by induction that G A* is quadratic if 
and only if 

m m 

0(A 1 ,U---UA m )= 0^ i Ui i )0i[l-(-l) m ]0^A i ) (2.1) 

i<j=l i=l 

for all m > 3. It follows from (12. ip that a quadratic coevent is determined 
by its values on singleton and doubleton sets in A. Moreover, given any 
assignment of zeros and ones to the singleton and doubleton sets in A, there 
exists a unique quadratic coevent that has these values. 

Following [6] , if / : — > R and G A*, we define the q- integral 

poo poo 

fd(j> = / ({oj : /H > A}) dX- ({w : /(w) < -A}) dX 
Jo Jo 

where dX denotes Lebesgue measure on R. If / > 0, then 

POO 

/# = / ({u:f(u)>X})dX (2.2) 
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and we shall only integrate nonnegative functions here. Denoting the char- 
acteristic function of a set A by xa, any /: Q — > R + has the canonical 
representation / = YH=i a iXAi where < a.\ < ■ • ■ < a n and A, D Aj = 0, 
i^j. It follows from (Q that 

y /d0 = «!0 ^[J + (ori - «x)0 ^(J H h (a n - a n _i)0(A n ) 

n 

= 0|[-JA)-0| [J Ai ) (2.3) 



n 
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It is clear from O or (£3} that / fdxj) > if / > 0. Also, it is easy to 
check that j afdcf) = a J fd(j> for all a Gl. However, the g-integral is not 
linear because 

\f + g)d4>± I fd<p + 



in general. Moreover, in general we have 

As usual in integration theory, for A e A and <fi G A* we define 
In general, 



fd<f>^ fd<p+ fd<p 

AViB J A JB 

The g-integral is not even grade-2 additive because, in general 

m± [ /#+ / fd ( f ) + [ /#- / /#- / / m 

AuBUC* JAWS </AuC JBUC J A JB JC 

3 Reality Filters 

This section introduces the three quantum reality filters discussed in the 
introduction. A q-measure is a set function ii: A — > M + that satisfies the 
grade-2 additivity condition 

fi(AVBVC)= fi(A\JB)+fi(AvC)+fi(BVC) -fx(A)-^B) -//(C) (3.1) 

Condition (13. ip is more general than the usual (grade-1) additivity fi(A\i)B) = 
n{A) + fi(B) for measures. A g-measure fi is regular if it satisfies 

(Rl) n{A) = implies fx(A tlB) = fi(B). 

(R2) fi(A U 5) = implies (i{A) = //(£). 

It is frequently assumed that a q- measure is regular but, for generality, we 
shall not make that assumption here. An example of a regular g-measure is 
a map n(A) = \u(A)\ 2 where v: A — > C is a complex measure. Of course, 
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complex measures arise in quantum mechanics as amplitude measures. A 
more general example of a regular g-measure is a decoherence functional 
that is employed in the histories approach to quantum mechanics [91 [10| [13] . 
A g-measure /x is determined by its values on singleton and doubleton sets 
because it follows from (13. ip and induction that 



for all m > 3, where /x(uxj) is shorthand for /x ({cj;}). 

We assume that nature provides us with a fixed g-measure /x: A — > M + 
and that n(A) can be interpreted as the propensity that A occurs. If fi(A) = 
0, then A does not occur and A is fi- precluded. We say that <fi G A.* is 
/x- preclusive if 4>{A) = whenever fi(A) = 0. The g-measure \i 1-generates 
<f) G A* if there exists a strictly positive function / : f2 — y R such that [i(A) = 
J A fd(j> for all A G A. We call / a (p- density for /x. Thus, /x is an "average" 
over the truth values of weighted by the density /. 

Unfortunately, there are many g-measures that do not 1-generate any 
coevent. One reason for this is that when \VL\ = n, then /: Q — > R gives at 
most n pieces of information, while a g-measure is determined by its values 
on singleton and doubleton sets so n(n + l)/2 pieces of information may be 
needed. We therefore introduce a more complicated (an presumably, more 
general) definition. A function /: Q x Q — y R is symmetric if f(u,u') = 
f(u)',L)) for all u,u)' G Q. Notice that a symmetric function on Q x Q has 
n(n + l)/2 possible values. A g-measure /x on ^4 2-generates <fi G *4* if there 
exists a strictly positive symmetric function / : O x 11 — y R such that 



for every A G A Again, / is a 0- density for /x. 

It can be shown that if <p is 1- or 2-generated by /x, then is /x-preclusive 
[8]. We do not know whether 2-generation is more general than 1-generation. 
However, we can show that if is 1-generated by /x and <f)(A) ^ whenever 
/x(A) 7^ 0, then <p is 2-generated by /x [Sj. There are examples of g-measures 
that 2-generate a coevent but do not 1-generate a coevent [§]. Moreover, 
wjj 1 © © W3 © ^1^2 i s an example of a coevent that is 2-generated but not 
1-generated. 



m 



m 




i<j=i 
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There are still a considerable number of coevents that are not 2-generated 
by any g-measures. For example, we conjecture that w* © uj^ © is not 2- 
generated by a g-measure. For this reason we introduce what we believe 
(but have not yet proved) is a more general condition. A g-measure fi on 
A actualizes <f> G A* if there exists a strictly positive symmetric function 
/ : Q x Q — > R such that 



f(u,u')d<j>(u) 



d<f>{(J) 



for all A £ A. Although we have not been able to show that actualization 
is more general than 1-generation, the next result shows that this is usually 
the case. 

Theorem 3.1. If fi 1-generates <p o,nd 7^ ; then /1 actualizes <fi. 

Proof. Since \x 1-generates 0, there exists a density / such that fi(A) = 
j A fd(f) for all A £ A. Define the strictly positive symmetric function g : Q x 
->■ R by g(u,u') = f "(w) / '(a;') / //(O) . We then have that 



d<f>(u') 



1 



f(u)f(u/)d<Ku) 



#(a/) 



/(u/)//(A)#(u/) = M^) 



for all A e A. Hence, ji actualizes with density g. 



□ 



4 Actualization 

The 1- and 2-generation filters have already been considered in [8]. Since 
we have just introduced the actualization filter in this paper, we shall now 
discuss it in more detail. Let Q 2 = {^2,^2}, A2 = 2 fi2 and let A\ be the 
corresponding full anhomomorphic logic. We shall show that every coevent 
in A\ is actualized and shall characterize the actualizing g-measures. Now 
A\ has the eight elements 0, w*, w*©^, u;*^, u)*(Bw*u%, ujI®u\ujI and 
1 = to* © u>2 © ^1^2- ^ is clear that is actualized by the zero q- measure. 
For a > we define the Dirac measure a<5 Wl by 



aS^A) 



a if coi E A 
if uj x £ A 
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Since 



aS Ul (A) 



dul(u') 



LJA 

it follows that a5 Ul are the only g-measures that actualize ul and a similar 
result holds for u) 2 . 

Theorem 4.1. A q-measure ji on A2 actualizes uj^ © u 2 if and only if 
li(Q 2 ) = max (fi(ui),n(u 2 )) - min (^(wi), h(uj 2 )) 

Proof. Let = u{ © and let / : f2 2 x ^2 — > K be a strictly positive 
symmetric function satisfying 

/(W1,W2) < < /(W2,W2) 

For Ae A 2 define : fi 2 -» K + by 

<m(u/) = / / wO#(w) (4.1) 

We then have 



.4 



^{«i}(wi) = / f(u,ui)d<j)(u) = f(ui,ui) 

J{oji} 

9{ui}M= / f(uj,uj 2 )d(f)(uj) = f(u U U2) 
J{oji} 



Hence, 



= J g{ wi }{u')d(f)(uj') = - f(wi,w 2 ) 

and similarly, /i(cu 2 ) = 7(^2, ^2) — /(wi,u; 2 ). We also have that 

^2(^2) = y f(uj,uj 2 )d(f)(uj) = f(uj 2 ,uj 2 ) - f(uJ!,UJ 2 ) 

Hence, 

/i(fi 2 ) = y go, 2 {u')d(t>{u') = 7(^2, w 2 ) - f(ui,ui) = n(u) 2 ) - At(wi) 
= max (yu(cui), /i(w 2 )) - min (/z(wi, /i(w 2 )) 

The statement of the theorem holds because we obtain similar results for all 
orderings of f(u u ui), f(u 2 , u 2 ), f(u 1 ,u 2 ). □ 
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Notice if we let fi(u 2 ) = and fi(u>i) = //(0 2 ) = 1 in Theorem 14.1^ /i 
becomes the Dirac measure S U1 . This shows that S Ul actualizes both uj^ and 
ujI@uj2 so actualizing g-measures need not be unique. Also, note that w*©u;| 
is not 5 Wl -preclusive. 

Theorem 4.2. A q-measure \x on A 2 actualizes Co>*Co> 2 if and only if h(uji) = 
A* (0*2) = and fJ,(Q 2 ) > 

Proof. Let = o;*^ and let / : Q 2 x ^2 R be a strictly positive symmetric 
function satisfying 

f(u 1 ,u 2 ) < f(ui,ui) < f(u 2 ,u} 2 ) 
Employing the notation of (14.11) we have that 



and similarly, (7{^ 1 }(w 2 ) = 0. Hence, 

l*M = J 9{m}{u')d(f)(uj') = 
and similarly, fi(u> 2 ) = 0. We also have that 

fltoaM = / f{u,ui)d(f>(u)) = f(u 1} u 2 ) 



9(hM = J f{u,u 2 )d<l>(u) = f(ui,u 2 ) 

Hence, 

M^) = y gn 2 {u')d(j){u') = f(uJi,u 2 ) 

The statement of the theorem holds because we obtain similar results for all 
orderings of f(u u wi), /(w 2 , w 2 ), f{uJi, lo 2 ). □ 

Notice that the g-measure in Theorem 14.21 is not regular. 

Theorem 4.3. A q-measure fj, on A 2 actualizes 1 = oj* © u 2 © ojIco 2 if and 
only if /i(cJi), /i(w 2 ) 7^ and /i(fi 2 ) = max (/i(u;), /i(w 2 )) . 
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Proof. Let 0=1 and let /: fi 2 x ^2 ~ ► K be a strictly positive symmetric 
function satisfying 

Employing the notation of (14. ip we have that 



</{wi}(wi)= / f{u,u 1 )d<f>(u}) = /(w 1 ,w 2 ) 

■/{wi} 



Hence, 

= y ^^(wo^^o = /(wi,wi) 

and similarly, yu(w 2 ) = f{oJ 2 ,oj 2 ). We also have that 

S'OaW = / f(u,U 1 )d(f>(u) = f(ui,U 1 ) 



9n 2 M = I f(u,uj2)d(j)(uj) = f(uj2 } uj2) 

Hence, 



//(J] 2 ) = y gsh(w')d<f>(u)') = /(w 2 ,w 2 ) = ^i(w 2 ) 

= max(/i(wi),/i(w 2 )) 

The statement of the theorem holds because we obtain similar results for all 
orderings of /(u>i,u>i), f(u 2 ,u 2 ), f(ui,u 2 ). □ 

Theorem 4.4. ^4 q-measure \i on A2 actualizes © Wi^ 2 */ anc ^ ora ^/ ^/ 
/x(a; 2 ) = and /i(f2 2 ) < M^i)- 

Pnoo/. Let = 0^© oj{u:1 and let / : Q 2 x ^2 — >■ K be a strictly positive 
symmetric function satisfying 

/(w 2 ,w 2 ) < /(wi,w 2 ) < 

and 

/(wi,w 2 ) < i[/(w 1 ,w 1 ) + /(w 2 ,a; 2 )] (4.2) 
11 



Then fi(u) 2 ) = because (/)(oj 2 ) = and as in Theorem 14.31 we have that 
9{ Ul }M = </{«!> (w 2 ) = /(wi,w 2 ). Hence, 



/ 



# {a;i} (u/)d0(u/) 



We also have that 



002 (wi) = y = /(wi,a;i) - /(wi,w 2 ) 

W w 2) = / f(u,u 2 )d(f)(u) = f(ui,u 2 ) ~ f(u 2 ,U) 2 ) 




Applying ( 14. 2 p we have that gn 2 (u; 2 ) < <?n 2 (u;i) an d hence, 



/i(fi 2 ) = J gn 2 (uj')d(p(uj') = gcbM - gn 2 (uJ 2 ) 

= f(u u ui) + f(u 2 , u 2 ) - 2/(wi, £J 2 ) 
= - [/(wi,W2) - /(w 2 ,wa)] 



Hence, /i(cui) is arbitrary and /i(fi 2 ) — M^i)- the statement of the theorem 
holds because all orderings of f(u)i,u)i), f(u 2 ,u 2 ), f(ui,uj 2 ) give subcases of 



These theorems show that the actualization filter need not produce a 
unique coevent. That is, a q- measure may actualize more than one coevent. 
For example let / be the density function given by f(uji,ui) = 2 and 



Then the Dirac measure 8 W1 actualizes both cj* © lo 2 and ul © ujIlo 2 with 
density /. However, © u 2 is not S Ul -preclusive so a preclusivity filter 
would eliminate u\ © u 2 - Unfortunately, S Ul also actualizes with density 
g(oji,u>j) = 1, i,j = 1,2. Of course, all these coevents are quadratic. By 
contrast, we shall show in Section 5 that if a quadratic coevent is 1- or 
2-generated by a g-measure, then it is unique. 

Let ^3 = {oui, ou 2 , 0U3}, A3 = 2 n3 and let ^3 be the corresponding full 
anhomomorphic logic. Since [A^l = 2 7 = 128 we cannot discuss them all so 
we consider a few examples. 

Example 1. We have shown in [8] that </> = u){ © u 2 © is not 1-generated 
and we conjecture that <fi is also not 2-generated. We now show that <fi 



this result. 



□ 



/(wi,W 2 ) = /(W2,Wl) = /(W 2 ,W 2 ) = 1 
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is actualized by the g-measure /i on A 3 given by /x(0) = 0, /j,(u>i) = 5, 
fj.(u 2 ) = /i({w 2 ,w 3 }) = 3, fjL(u) 3 ) = fidu^us}) = 6, fx({ui,u 3 }) = 9 and 
yu(r2 3 ) = 4. To show that /j is indeed a g-measure we have that 

3 3 

V (H, Wi» - ^ = 6 + 9 + 3- 5- 3- 6 = 4 = //(0 3 ) 

i<j=l i=l 

Define the density function / by /(wi,w 2 ) = f(ui,u 3 ) = 1, /(o; 2 ,u; 3 ) = 
f(u u ui) = 5, f(u 2 ,w 2 ) = 7, f(u 3 ,u 3 ) = 10. For all A E A 3 let 



//(A) 



f(u,u')d(j)(u) 



d(j)(u') 



Employing the notation (14. ip we obtain 



9{ui}M = /(wijWa) = 1 



ff{ Wl }(w 2 ) = /(wi,w 2 ) = 1, 



It follows that 

= /(wi,w 2 ) + - /(wi,W3) = 5 

In a similar way we have that 

/A^a) = /(wi, w 2 ) + /(w 2 , w 2 ) - /(w 2 , w 3 ) = 3 
fi'M = f(u u u 3 ) + /(ws, w 3 ) - /(u; 2 , w 3 ) = 6 

We also have that 

#{0,1,0,2} (^0 = - /(wi,W2) = 4 

fffwi^a}^) = f(u2,U2) - /(wi,w 2 ) = 6 
fl^i^M = /(W2,w 3 ) - /(wijWs) = 4 

and hence, // w 2 }) = 6. Continuing the computations gives 



0{wi,ws}M = /(W2,w 3 ) - /(wi,w 2 ) = 4 
0{wi,«s}M = /(W3,w 3 ) - /(wi,w 3 ) = 9 



(4.3) 
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and hence, fjf = 9. We also have that 

9{u2,u 3 } M = /(wi,w 3 ) - /(wi,w 2 ) = 

9{u 2 ,u S }M = /(W2,W 2 ) - /(W2,W 3 ) = 2 
^{wa^s}(w 3 ) = /(W3,W 3 ) - /(W 2 ,W 3 ) = 5 

and hence, // ({u; 2 , w 3 }) = 3. Finally, 

QchM = /(^i,W2) + - /(wi,W3) = 5 

^3(^2) = /(W1,W2) + f(u} 2 ,U} 2 ) - /(W2,W 3 ) = 3 
^3(^3) = /(W1,W2) + /(w 3 ,Ws) - /(W 2 ,W 3 ) = 6 

and hence, //(fi 3 ) = 4. Since = //(A) for all A G ^3 we conclude that 
/i actualizes 0. □ 

Example 2. This example shows that 5 W1 actualizes the coevent = 0^© 
w*a> 2 u;3 with density given by f(ui,Uj) = 1 for i ^ j = 1, 2, 3, f{uji,uji) = 2, 
i = 1,2, 3. As before, define // by (14.31) . As in previous calculations, we have 
fiVx}(wi) = f(u3 X ,Wi), i = 1,2,3 and hence, 

A*'(wi) = - /(wi,w 3 ) = 1 

It is clear that 

^ 2 }(Wi) = #{u 3 }(^i) = 

for i = 1, 2, 3 and hence, //(u; 2 ) = fi'(us) = 0. We also have that 

for i = 1, 2, 3 and hence, 

A*' ({^l, w 2 }) = /V ({^1^3}) = f(u u ui) - /(wi, w 2 ) = 1 

Moreover, #{0,2,^3} (wj) = for i — 1,2,3 so that \i! ({w 2 , w 3 }) = 0. Finally, 
fl^M = - /(wi,w 2 ) = 1, </ns(w 2 ) = fltosM = so that //(Q 3 ) = 

1. Since S U1 (A) = fjf(A) for all A e *4. 3 we conclude that 5 W1 actualizes 0. Of 
course, 5 Wl also actualizes co^ so we again have nonuniqueness. □ 

Example 3. Calculations similar to those in the previous two exam- 
ples show that (f> = u* © u>% © w 3 © ^iW 2 * s actualized by the g-measure 
ft given by /x(0) = 0, /j(u;i) = fi(Q 3 ) = 1, /i(w 2 ) = n({ui,u 2 }) = 4, 
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/i(w 3 ) = A* ^3}) = 3 and /i ({u/ 2 , u 3 }) = 2. The corresponding density is 
given by 

= f(u 2 ,u 2 ) = 2 
f(u 3 ,u 3 ) = f(uj u u 2 ) = 4 
f(uj 1: u 3 ) = 5, /(u/ 2 ,u/ 3 ) = 8 

It can be shown that is also actualized by the g-measure v given by z/(0) = 0, 

z/(wi) = v ({u 2 , oj 3 }) = v(fl 3 ) = 

v(u 2 ) = 1/(0/3) = f ({wi, ^2}) = v ({wi, w 3 }) = 1 

The corresponding density is given by f(ui,Uj) = 1 for 2, j = 1,2,3, 7^ 
(2,3) or (3,2) and f(ou 2 ,uj 3 ) = 2. In the second case, is not //-preclusive. □ 



5 Generation 

This section discusses existence and uniqueness properties of 1- and 2- 
generated coevents. We first consider existence. It is clear that any coevent 
in A 2 is 1- and 2-generated (and actualized). The next result characterizes 
the coevents in A 3 that are 1-generated. 

Theorem 5.1. A coevent G A 3 is 1-generated if and only if there exists 
an integer 1 < b < 3 and an u G Q 3 such that 

3 3 
0(ft 3 ) + 60(u/ o ) = <t> _ ( 5J ) 

i<j=l i=l 

Proof. Suppose the g- measure // 1-generates G A3 with density /. We can 
reorder the Ui G fl 3 if necessary and assume that /(u/j) = Oj, i = 1, 2, 3 where 

< ai < a 2 < a 3 

Since /i(A) = f A fd(j> for all A G A3 we have that //(u/j) = Oj0(u/i), i = 1, 2, 3 
and for i < j = 1, 2, 3 that 

fi ({u>i, Uj}) = / fd(p = ai4> ({uji, ujj}) + (dj - Oi)4>(wj) 

J{uii,uij} 
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Moreover, we have that 



//(f2 3 ) = J fd(j> = ai0(fi 2 ) + (a 2 - a x )0 ({w 2 , w 3 }) + a 2 0(w 3 ) 

It follows from the grade-2 additivity condition that 

ai0(O 3 ) + (a 2 - ai)0 ({wi, w 2 }) + a 3 0(u; 3 ) 

= a x ({wi, w 2 }) + (a 2 - ai)0(w 2 ) + «i0 w 3 }) + (a 3 - ai)0(w 3 ) 
+ a 2 ({w 2 , w 3 }) + (a 3 - a 2 )0(w 3 ) - ai0(wi) - a 2 0(w 2 ) - a 3 0(w 3 ) 

Letting b = a 2 /ai we conclude that (15.1 ft holds. It is clear that b is an 
integer with 1 < b < 3. Conversely, suppose that (15. ip holds. Without loss 
of generality we can assume that uo = uj 3 . Let \i be the q- measure on A 3 
defined by /i(0) = 0, n{oJx) = 0(o>i), //(u; 2 ) = b(f)(u 2 ), yu(w 3 ) = b(j)(u 3 ) and 

({wj, w 2 }) = {{cut, u 2 }) + (b- l)(f>(u 2 ) 

({Wi, U 3 }) = ({Wi, W 3 }) + (6 - l)0(w 3 ) 

m({w 2 ,w 3 }) = 60({w 2 ,w 3 }) 

/x(n 3 ) = 0(fi 3 ) + (6 - 1)0 ({w 2 , ^ 3 }) + b<P(cu 3 ) 

To show that \i is indeed a g-measure, applying (15. ip we have that 

ii(n 3 ) = <p(n 3 ) + (b- 1)0 ({w 2 , u 3 }) + b<f)(ujo) 

3 3 

= ^ ^ + ( & - ({^2, W 3 }) - 

i<jr'=l i=l 
3 3 

= ^ ^({Wi,Wj})-5^M W <) 

i<jr' = l 1=1 

Define the density function / on Q 3 x fi 3 by f(ui) = 1, /(o; 2 ) = /(w 3 ) = 6. 
By our previous work we have that J A fd<f) = fi(A) for all A £ A. Hence, 
is 1-generated by fi. □ 

It would be of interest to characterize arbitrary coevents that are 1- or 
2-generated or actualized. We can apply Theorem 15. II to test whether various 
4> £ A 3 are 1-generated. For = u>l © uj\ letting ujq = u 3 and b = 1 we see 
that (15. ip holds so © uj\ is 1-generating. For = © uj^uj^oj^ letting 
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u = u>i and b = 1 we see that fl5.ll) holds so w* © ulu 2 u^ is 1-generated. 
For = ui* © ^2^3 letting u Q = U\ and 6 = 2 we see that ( 15.1 j) holds so this 
coevent is 1-generated. For (p = © u 2 © u 3 , (15. ip becomes 1 + 6 = — 3 
giving 6 = —4 so this coevent is not 1-generated. For <p = © w| © ^1^3, 
(15.11) becomes 1 + &0(cjo) = —1 giving b<p(uo) = —2 so this coevent is not 
1-generated. For (p = u* © ^2^3 © ^l^^a; letting w = lo\ and 6 = 1 we see 
that (15. ip holds so this coevent is 1-generated. 

Example 4. For <p = v{ © u 2 © u 3 © (EUJ) becomes b(p(co ) = -2 

so is not 1-generated. We now show that <p is 2-generated. Let \i be the 
g-measure on A3 defined by /x(0) = ^(^3) = 0, h{<jJ$) = /J ({wi,^}) = 2, 

jz(wi) = /i(w 2 ) = H ({wi, w 3 }) = /i ({w 2 , w 3 }) = 1 

It can be shown that // 2-generates with density / given by f{u\,U\) = 

f(u 2 ,U2) = 1 



The next two results show that quadratic coevents that are 1- or 2- 
generated by a q- measure \i are unique. 

Theorem 5.2. If /i 1-generates <p and ip and both (p and ip are quadratic, 
then (p = ip. 

Proof. We have that 



for all A G A where / is a 0-density and g is a ^-density for /j. Since 



J{ U } 

we conclude that f{ui)(p{ui) = g(uj)ip(uj) for every uj E Q. Hence, <f>(to) = 1 if 
and only if ip(u) = 1 and in this case 

f(u) = g(u) = fi(u) 

Thus, (p and ip agree on singleton sets and (jl(u>) = if and only if <p(u) = 0. 
Suppose that < niui) < /i(w 2 ). Then f(u>i) < /(a; 2 ) and 



f(u 3 ,u 3 ) = f(u 1 ,u 2 ) = f(oJi,u 3 ) = f(u 2 ,u 3 ) = 2 



□ 





(f>(tdi) = (p(u 2 ) = ip(u)x) = ip(u 2 ) = 1 
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Similarly, g{u\) < g(co 2 ). Since 



fd(j)= / gdip 



{<*>i,u> 2 } 



we have that 



fM<l> ({wi, ^2}) + [/(w 2 ) - /(wi)] 0(w 2 ) 

= ({wi, w 2 }) + [gM - p(^i)] V>(w 2 ) 



(5.2) 



Hence, <f) ({ux, ui^}) = ip ({ui,lu 2 }). Next suppose that /i(co>i) = and 
A* (^2) 7^ 0- Then 0(u;i) = ip(u)i) = and 0(w 2 ) = 4>{oj 2 ) = 1. Again 
( 15. 2 p holds. Hence, <f> ({ui,uj 2 }) = if and only if ip ({ui,u 2 }) = 0. We 
conclude that and ip agree on doubleton sets. Since quadratic coevents 
are determined by their values on singleton and doubleton sets, and ip 
coincide. □ 

Theorem 5.3. // fi 2-generates and ip an d both and ip are quadratic, 
then = ip. 

Proof. We have that 



for all oj G Q. Hence, <fi(ou) = 1 if and only if ip{uj) = 1 and in this case 
f(oj, to) = g(cj, lo) = /i(w). We conclude that and ip agree on singleton sets 
and fi(u) = if and only if i^(uj) = 0. Suppose < /i(wi) < fi(uj 2 ). Then 
f{ui,Ui) < f{u2,u 2 ) and 




(5.3) 



for all A e A. Letting A 



{u} in ( 15. 3p we conclude that 



f(u,u)</>(u) = g(u,u)ip(u) 



0(Wi) = 0(W 2 ) = = 1p(u) 2 ) = 1 



Assume that f(u 2 ,u 2 ) < f(ui,uj 2 ). 
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Case 1. g{ux,u) X ) < g(u 2 ,u 2 ) < g{ui, u 2 ) 
Letting 



= / f(u,u')d(f)(Lj), h g (u') = / g(u,u')d(p(uj) 




we have that 



h f (u)i) 
h f (u 2 ) 



({wi, u 2 }) + /(wi, w 2 ) - M w 
^2)0 ({ui, u 2 }) + f(u x , u 2 ) - /j,(uj 2 ) 



Hence, 



fi({ui,u 2 }) = 



hf(cu')d(f>(uj') 



[n{u 2 )(j) ({wi, u 2 }) + f(ux,u 2 ) - /i(w 2 )] ({^1,^2}) 



(5.4) 



If (f)({u)i,u) 2 }) = 0, then /i ({cut, u 2 }) = /i(w 2 ) - fi(u)i). If (f) ({u)i, u) 2 }) = 1, 
then ({a;i, W2}) = u; 2 ). Since (15. 4p also applies for ip we conclude that 
({cox, u 2 }) = if and only if t/> ({wi, uj 2 }) = 0. 

Case 2. flr(wi,Wi) < #(wi,w 2 ) < #(^2,^2) 
We now have that 

/i 9 (wi) = fi(ui)t/} ({ui,u 2 }) + g(ui, oj 2 ) - /j,(ut) 
hgi^i) = 9(^i, ^2)^ ({ux,u 2 }) + /i(a; 2 ) - #(wi, w 2 ) 

If ^ W2}) = 1, then 



and hence f(u)i,cu 2 ) = fi(co 2 ) so that (ft ({ui,u 2 }) = 1. If ^ ({^i, ^2}) — 0, 
then 



or /i ({wi, u) 2 }) = fj,(u} 2 ) — M^i) ~ 2^(a;i,a; 2 ) whichever is nonnegative. If 
(j)({oji,uj 2 }) = 1, then 





h g (uj')di/j(u)') = 2g(u 1 ,u 2 ) - - ^(^2) 



2p(wi, W2) - M^i) - A*(^2) = /(wi, oj 2 ) > (jl(u 2 ) 
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so that 2g(ooi,oo 2 ) > 2/i(w 2 ) + M w i) which is a contradiction. We could also 
have 

/i(oo 2 ) + fJ,(ui) - 2g(u)!, u 2 ) = f(uJi, uo 2 ) > /i(w 2 ) 

so that 2g(ui,U2) < M^i) which is a contradiction. We conclude that 
ip ({oji, 0J2}) = if and only if ({001,002}) = 0. 

Case 3. g{oo u oo 2 ) < g{u\,Ui) < #(w 2 , w 2 ) 
We now have that 

h 9 M = g{wi, u 2 )ip ({wi, w 2 }) + A*M - cu 2 ) 
^ 9 (w 2 ) = #(wi, L0 2 )lp ({wi, w 2 }) + /i(w 2 ) - g(ui, u 2 ) 

Hence, 

n({oo 1 ,oo 2 })= I h g (u')d^(oo') 

J {£Jl,W2} 

= [^(wi, ^2)^ ({wi, w 2 }) + A*(wi) - g(uj!, uj 2 ] i> ({wi, w 2 }) 
+ //(u^) - //(wi) 

If *0 ({wi, w 2 }) = 0, then /j, ({oo 1 , co 2 }) = /i(w 2 )-/i(wi) so that ({oo 1 , co 2 }) = 0. 
If ip w 2 }) = 1, then 

H ({wi, w 2 }) = /i(w 2 ) > //(u^) - //(wi) 

This implies that ({a>i,u; 2 }) = 1. There are other cases, but the results are 
similar. It follows that in all possible cases where n(oo 2 ) 7^ we have 

0({W1,W 2 }) =$({W 1 ,U 2 }). 

We now consider the situation in which /i(ooi) = /i(oo 2 ) = 0. Then 
<f>(ui) = 4>(u 2 ) = = ip(oo 2 ) = 

Assume that 

< f(oo 2 ,uJ 2 ) < f(ooi,oo 2 ) (5.5) 

and 

#(a>i,u;i) < g(oo 2 ,oo 2 ) < g{u\,u 2 ) (5.6) 
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We then have that 

h f (ui) = f(uJx, ui)4> ({ui, u 2 }) , h f {u 2 ) = f(u 2 , u} 2 )(fi uj 2 }) 
Hence, 

H ({ui,u 2 }) = f{ui,ui)<f> ({ut, u 2 }) = g(ux, ui)if) ({ut, u 2 }) 

and (ft ({ui,u 2 }) = if) ({u>i, u> 2 }). All the other cases in this situation are 
similar. 

The last situation that needs to be considered is = 0, /i(w 2 ) > 0. 
Then <j)(u\) = ip(ooi) = 0, <fi(u) 2 ) = ip{u) 2 ) = 1 and 

f(u 2 ,u 2 ) = g(u 2 ,u 2 ) = fi(u 2 ) 

Assuming that (15.51) holds, we treat the three cases considered before. 

Case 1. sr(u;i,u>i) < g(u 2 ,u 2 ) < g(u) h u 2 ) 
We now have that 

hfM = /(wi, wi)0 ({wi, u 2 }) + /(wi, w 2 ) - /(wi, wi) 

Since we obtain similar results for h g , we conclude that 

fj, ({ui,u 2 }) = (i(u 2 )<j> ({ui,u 2 }) = fi(u 2 )il> ({loi, u 2 }) 

Hence, <p ({ut, u 2 }) = ({u)i, u 2 }). 
Case 2. giu^u^) < g{u u u 2 ) < g(u 2 ,u 2 ) 

As in Case 1 we have that \x ({ui,u 2 }) = ii(uj 2 )4> ({ui,u 2 }). Also, 

h g {uj x ) = g(u)x, LU^ip ({cji,u 2 }) + g(ui, u 2 ) - g(ui, oj x ) 
h g (u 2 ) = g(ui, u 2 )if> ({ui,u 2 }) + n(u 2 ) - g(u lt u 2 ) 

If ip ({cui, 0J 2 }) = 1, then 

H ({wi, u 2 }) = n(u 2 ) = n(u 2 )<j> {{ui, u 2 }) 
so that ({oji, ui 2 }) = 1. If ip ({u)\,u) 2 }) = 0, then 

fj, ({wj, w 2 }) = A*(^ 2 ) + flf(wi, wi) - 2flf(wi, w 2 ) = Mw 2 )</> ({wi, w 2 }) 
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If (p ({ui,u 2 }) = 1 we obtain the contradiction, g(ui,Ui) = 2g(ui,u 2 ) so 
4> ({cui, CU2}) = 0. Alternatively, we could have fi ({ui,u 2 }) = so again, 
0({wi,w 2 }) = 0. 

Case 3. g(u 1 ,u 2 ) < g^^ui) < g(u 2 ,u 2 ) 
We now have that 

li ({wi, u 2 }) = g(ui, uj 2 )ip ({ui, u 2 }) + fx(u 2 ) - g(ui,u 2 ) 

= /i(w 2 )0({Wl,W2}) 

Just as in Case 2 we conclude that ip ({ui,u 2 }) = <p {{ui,u 2 }). The other 
cases are similar to the three cases considered. 

We have shown that and ip coincide for all singleton and doubleton sets. 
Since <p and ip are quadratic, it follows that = ip. □ 
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Abstract 

An anhomomorphic logic A* is the set of all possible realities for 
a quantum system. Our main goal is to find the "actual reality" 
4> a € A* for the system. Reality filters are employed to eliminate 
unwanted potential realities until only <p a remains. In this paper, we 
consider three reality filters that are constructed by means of quantum 
integrals. A quantum measure fi can generate or actualize a (j) £ A* if 
/J,(A) is a quantum integral with respect to (f> for a density function / 
over events A. In this sense, [i is an "average" of the truth values of 
<j) with weights given by /. We mainly discuss relations between these 
filters and their existence and uniqueness properties. For example, 
we show that a quadratic reality generated by a quantum measure is 
unique. In this case we obtain the unique actual quadratic reality. 

"Reality is merely an illusion, albeit a very persistent one." 

— Albert Einstein 



1 Introduction 

In the past, one of the main goals of physics has been to describe physical 
reality. Recently however, physicists have embarked on the even more am- 
bitious program of actually finding physical reality. Specifically, their quest 
is to find the universal truth function (j) a . If A is any proposition concerning 
the physical universe, then a (^4) is or 1 depending on whether A is false 
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or true. Assuming that the set of propositions is a Boolean algebra A, we 
can think of A as an algebra of subsets of a universe Q of outcomes. The 
outcomes are frequently interpreted as paths (or trajectories or histories) of 
a physical world. The actual physical universe fii is vast, complicated and 
probably infinite. To make the situation more manageable, we shall only 
consider a toy universe Q with a finite number of elements. This will still 
enable us to investigate structures that may be applicable to flj. 

The theory that we present originated with the work of R. Sorkin [T2| 
IT3] who was motivated by the histories approach to quantum mechanics 
and quantum gravity and cosmology [9j [TOj E] • Sorkin called this quantum 
measure theory and anhomomorphic logic. After Sorkin's pioneering work, 
many investigators have developed various aspects of the theory [TJ |5J El 
IH El [U [HI [151 EE]. F° r a classical universe, a truth function would 
be a homomorphism <p from the algebra A of propositions or events to the 
two-element Boolean algebra Z 2 = {0, 1}. However, because of quantum 
interference, a truth function describing a quantum reality need not be a 
homomorphism. We call the set 

A* = {(f): A^Z 2 : 0(0) =0} 

the full anhomomorphic logic. The elements of A* are interpreted as potential 
realities for a physical system and are called coevents. Our task is to find the 
actual reality <p a G A* which describes what actually happens. 

Even if the cardinality n = |0| of f2 is small, the cardinality \ A*\ = 2^ 2 ™ -1 ^ 
of A* can be immense. Hence, it is important to establish reality filters that 
filter out unwanted potential realities until we are left with the actual reality 
<f) a . Mathematically, reality filters are requirements that can be employed to 
distinguish <j) a from other possible coevents. One of the main reality filters 
that has been used is called preclusivity [21 El H21 E321 EES] ■ Nature has provided 
us with a quantum measure \i which is related to the state of the system. 
The measure /i is where the physics is contained and information about \x is 
obtained by observing the physical universe. Specifically, \x is a nonnegative 
set function on A that is more general than an ordinary measure. For A G A*, 
n{A) is interpreted as the propensity that the event A occurs. If (jl(A) = 0, 
then A does not occur and we say that A is precluded. We say that (f> E A* 
is preclusive if 4>(A) = for all precluded A G A. It is generally agreed that 
4> a should be preclusive. 

Although preclusivity is an important reality filter, it is too weak to 
determine <p a uniquely. Other reality filters that have been used involve the 
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algebraic properties of coevents and are called unital, additive, multiplicative 
and quadratic properties (21 El El Q21 [131 E] • Unfortunately, there does not 
seem to be agreement on which, if any, of these properties is appropriate. 
In this paper we shall consider three other reality filters, two of which were 
proposed in [Sj. These filters involve coevents that determine the quantum 
measure using an averaging process called a quantum integral. These filters 
are called 1-generated, 2-generated and actualized. 

The present paper continues our study of 1-generated and 2-generated 
coevents and introduces the concept of an actualized coevent. One of our 
results shows that if and ip are 1-generated by the same quantum measure, 
then (ft = ip. Another result shows that if and are quadratic coevents 
that are 2-generated by the same quantum measure, then = ip. It follows 
that the 1- and 2-generated filters uniquely determine a quadratic reality. 
We also demonstrate that this result does not hold for actualized coevents. 
Still another result shows that 1-generated coevents are 2-generated and that 
unital 1-generated coevents are actualized. We give examples of coevents 
that are 2-generated and actualized but are not 1-generated. We also give an 
example of a coevent that is actualized but we conjecture is not 2-generated. 

Quantum measures that 1- or 2-generate a coevent appear to belong to a 
rather restricted class. The main reason for introducing the actualized filter 
is that it appears to be more general so it admits a larger set of actualiz- 
ing quantum measures. We present evidence of this fact by considering a 
sample space Q with \Q\ = 2. Various open problems are presented. These 
problems mainly concern quantum measures and coevents that correspond 
to our three reality filters. We begin an approach to one of these problems 
by characterizing 1-generated coevents. 

2 Anhomomorphic Logic 
and Quantum Integrals 

Let Q be a finite nonempty set with cardinality \Q\ = n. We call Q a 
sample space. We think of the elements of Q as outcomes or trajectories of 
an experiment or physical system and the collection of subsets A = 2 Q of Q 
as the possible events. We can also view the elements of A as propositions 
concerning the system. Contact with reality is given by a truth function 
(j>: A — > 1>2 where Z 2 = {0,1} is the two-element Boolean algebra with 
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the usual multiplication and addition given by © = 1 © 1 = and 
0© 1 = IffiO = 1. 

For w 6 11 we define evaluation map u* : A — > Z 2 given by 



phism; that is, satisfies 
(HI) 0(fi) = 1 (unital) 

(H2) (j)(A UB) = 0(A) © (f)(B) whenever A n £ = (additivity) 
(H3) 0(A nB) = 0(A)0(5) (multiplicativity) 

In (H2) A U 5 denotes A U £ whenever A n 5 = 0. It is well-known that 
is a homomorphism if and only if = u* for some u G Q. Thus, there are n 
truth functions for classical systems. 

As discussed in [21 [TSJ [131 US] , for a quantum system a truth function 
need not be a homomorphism. Various conditions for quantum truth func- 
tions have been proposed. In [121 [32] it is assumed that quantum truth 
functions satisfy (H2) and these are called additive truth functions while in 
[21 [15] it is assumed that quantum truth functions satisfy (H3) and these 
are called multiplicative truth functions. In [7] it is argued that quantum 
truth functions need not satisfy (HI), (H2) or (H3) but should be quadratic 
or grade-2 additive [21 13] in the sense that 

(Q4) 0(AU5UC) = 0(AU5)©0(AuC)ffi0(5UC) ©0(A) ©0(5) ©0(C) 

If 0, i)\ A Z 2 we define 0^: ^ -»■ Z 2 by (#)(A) = 0(A)^(A) and 
© V : -4 ->■ Z 2 by (0 © V0(-A) = 0(A) © ip(A) for all A G A We define the 
and 1 truth functions by 0(A) = for all A G A and 1(A) = 1 if and only 
if A 7^ 0. It can be shown [21 [T2] that is additive if and only if is a 
degree- 1 polynomial 




For classical systems, it is assumed that a truth 



function is a homomor- 



= u * © . . . © 04 
and that is multiplicative if and only if is a monomial 



( f) = u 1 u 2 ---u n 
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Moreover, one can show [2J [7] that is quadratic if and only if is a degree- 1 
polynomial or is a degree-2 polynomial of the form 



= u{ © • • • © UJ* m © U)*U* © • • • © u*u* s 



We call A* = {0 : A — > Z 2 : 0(0) = 0} the full anhomomorphic logic and the 
elements of A* are called coevents. There are 2 < - 2 " -1 ) coevents of which n 
are classical, 2 n — 1 are additive, 2 n — 1 are multiplicative and 2 n<yn+l ^ 2 are 
quadratic. It can be shown that any coevent can be written as a polynomial 
in the evaluation maps and that such an evaluation map representation is 
unique up to the order of its terms [21 U\- 

Applying (Q4) one can prove by induction that G A* is quadratic if 
and only if 

m m 

0(A 1 ,U---UA m )= 0^ i Ui i )0i[l-(-l) m ]0^A i ) (2.1) 

i<j=l i=l 

for all m > 3. It follows from (12. ip that a quadratic coevent is determined 
by its values on singleton and doubleton sets in A. Moreover, given any 
assignment of zeros and ones to the singleton and doubleton sets in A, there 
exists a unique quadratic coevent that has these values. 

Following [6] , if / : — > R and G A*, we define the q- integral 

poo poo 

fd(j> = / ({oj : /H > A}) dX- ({w : /(w) < -A}) dX 
Jo Jo 

where dX denotes Lebesgue measure on R. If / > 0, then 

POO 

/#= / ({u:f(u)>X})dX (2.2) 



o 



and we shall only integrate nonnegative functions here. Denoting the char- 
acteristic function of a set A by xa, any /: Q — > R + has the canonical 
representation / = YH=i a iXAi where < a.\ < ■ • ■ < a n and A, D Aj = 0, 
i^j. It follows from (Q that 

y /d0 = «!0 ^[J + (or 2 - «i)0 ^[J A^ H h (an - a„-i)0(A n ) 

' n \ / n 

|JA -0 |J A, I (2.3) 



n 
3=1 



\i=j / \i=j+l 
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It is clear from O or (£3} that / fdxj) > if / > 0. Also, it is easy to 
check that j afdcf) = a J fd(j> for all a Gl. However, the g-integral is not 
linear because 

\f + g)d4>± I fd<p + 



in general. Moreover, in general we have 

As usual in integration theory, for A e A and <fi G A* we define 
In general, 



fd<f>^ fd<p+ fd<p 

AViB J A JB 

The g-integral is not even grade-2 additive because, in general 

m± [ /#+ / fd ( f ) + [ /#- / /#- / / m 

AuBUC* JAWS </AuC JBUC J A JB JC 

3 Reality Filters 

This section introduces the three quantum reality filters discussed in the 
introduction. A q-measure is a set function ii: A — > M + that satisfies the 
grade-2 additivity condition 

fi(AVBVC)= fi(A\JB)+fi(AvC)+fi(BVC) -fx(A)-^B) -//(C) (3.1) 

Condition (13. ip is more general than the usual (grade-1) additivity fi(A\i)B) = 
n{A) + fi(B) for measures. A g-measure fi is regular if it satisfies 

(Rl) n{A) = implies fx(A tlB) = fi(B). 

(R2) fi(A U 5) = implies (i{A) = //(£). 

It is frequently assumed that a q- measure is regular but, for generality, we 
shall not make that assumption here. An example of a regular g-measure is 
a map n(A) = \u(A)\ 2 where v: A — > C is a complex measure. Of course, 
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complex measures arise in quantum mechanics as amplitude measures. A 
more general example of a regular g-measure is a decoherence functional 
that is employed in the histories approach to quantum mechanics [91 [10| [13] . 
A g-measure /i is determined by its values on singleton and doubleton sets 
because it follows from (13. ip and induction that 



for all m > 3, where fi(ui) is shorthand for \i ({cu;}). 

We assume that nature provides us with a fixed g-measure \i: A — > R + 
and that fi(A) can be interpreted as the propensity that A occurs. If fi(A) = 
0, then A does not occur and A is /i- precluded. We say that G A* is 
fi- preclusive if 4>(A) = whenever fi(A) = 0. The g-measure \x l-generates 
G A* if there exists a strictly positive function / : fi — > R such that fi(A) = 
J A fd(p for all A G A. We call / a (ft- density for \i. Thus, \i is an "average" 
over the truth values of weighted by the density /. 

Unfortunately, there are many g-measures that do not 1-generate any 
coevent. One reason for this is that when |fi| = n, then /: fi — > M gives at 
most n pieces of information, while a g-measure is determined by its values 
on singleton and doubleton sets so n(n + l)/2 pieces of information may 
be needed. We therefore introduce a more complicated (and as we shall 
show, more general) definition. A function /: Q x Q — > R is symmetric if 
f(cu,uj') = f((jj',u) for all u,u' G Q. Notice that a symmetric function on 
Q x Q has n(n+ 1)/2 possible values. A g-measure /i on A 2- generates G *4* 
if there exists a strictly positive symmetric function / : Q x — > R such that 



for every A e A. Again, / is a <fr- density for /x. It can be shown that if <fi is 
1- or 2-generated by then is /i-preclusive [S]. 

There are still a considerable number of coevents that are not 2-generated 
by any g-measures. For example, we conjecture that w* © u;^ © is not 2- 
generated by a g-measure. For this reason we introduce what we believe 
(but have not yet proved) is a more general condition. A g-measure \x on 
A actualizes G A* if there exists a strictly positive symmetric function 
/ : Q x fi — > R such that 



(71 



171 



/U ({Wi, . . . ,LO, 



rn 



})= A* ({oW) - (m - 2) 5>(«0 ( 3 - 2 ) 
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for all A G A. Although we have not been able to show that actualization 
is more general than 1-generation, the next result shows that this is usually 
the case. 

Theorem 3.1. If fi 1-generates <fi and 7^ ; then fi actualizes <fi. 

Proof. Since fi 1-generates 0, there exists a density / such that n(A) = 
J A fd(f) for all A G A. Define the strictly positive symmetric function g : Q x 
->■ R by g(u,u') = f '(to) f '(u/) / . We then have that 



g(u,u')dcj)(uj) 



U A 



d(j)(u') 



1 



f(u)f(u/)d<Ku) 



U A 



d<f>(u') 



f{cS)li{A)d4>{cS) = p(A) 



for all A G A. Hence, \x actualizes with density g. 



□ 



4 Actualization 

The 1- and 2-generation filters have already been considered in [8]. Since 
we have just introduced the actualization filter in this paper, we shall now 
discuss it in more detail. Let f2 2 = {001,002}, A2 = 2 n ' 2 and let A\ be the 
corresponding full anhomomorphic logic. We shall show that every coevent 
in A* 2 is actualized and shall characterize the actualizing g-measures. Now 
A* 2 has the eight elements 0, a;*, 00%, u;*^, ^©u^u^ and 

1 = o>* © 0O2 © ojIoj 2- It is clear that is actualized by the zero q- measure. 
For a > we define the Dirac measure a8 Ul by 



aS Ul (A) 



a if 00 1 G A 
rfui£A 



Since 



aS Wl (A) 



adool(oo) 



duo\{ui' 



it follows that a8 wi are the only g-measures that actualize u{ and a similar 



result holds for 00%. 



Lemma 4.1. A q -measure fi on A2 actualizes © io\ if and only if 

ji(Q 2 ) = max - min (n(ui), fi(oj 2 )) (4.1) 
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Proof. Let = u* © ui^ and let /: ^2 x ^2 — )■ IR be a strictly positive 
symmetric function satisfying 

/(wi,w 2 ) < /(wi,wi) < /(w 2 ,w 2 ) (4.2) 

For Ae A 2 define : fi 2 K + by 

<M(u/)= / f(cj,cj')d4>(cj) (4.3) 

We then have 



.4 



= / f(u,ui)d(j)(u) = f(ux,ux) 



^{«i}(w2) = / f(u,u 2 )d<l)(u) = f(ui,u 2 ) 
Hence, if /1 actualizes with 0-density / then 

a*m = y fl , {^ 1 }(w / ) rf 0( w ') = - /(wi,w 2 ) 

and similarly, /i(w 2 ) = f(u 2 ,u 2 ) — f(ui,u 2 ). We also have that 

W^i) = / = - /(^i,u; 2 ) 

fe^) = y f(u,u 2 )d(p(u) = f(u 2 ,u 2 ) - /(wi,w 2 ) 

Hence, 

ju(Q 2 ) = y 9si 2 {^')d^(u') = f(u 2 ,u 2 ) - f(ui,ui) = fj,(u 2 ) - fJ,(ut) 

= max (//(wi), /i(o; 2 )) - min (jii(u>i), //(u> 2 )) 

The "only if" statement of the theorem holds because we obtain similar 
results for all orderings of f(u\,u)\), f(u 2 ,oj 2 ), f(ui,u 2 ). 

Conversely, suppose that (14. lit holds. We can assume without loss of 
generality that fi(u)i) < ^{oj 2 ) so that fi(Q 2 ) = fi(uj 2 ) — fi(coi). Let /: Q 2 x 
O2 — > R be the strictly positive symmetric function given by f(u>i,uj 2 ) = 
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f(co2,coi) = 1, f(uii,(jJi) = fi(ui) + 1, i = 1,2. Then (14.21) holds so by our 
previous work we have for i = 1 , 2 that 



f(u,uj')d(j)(uj) 



d(j)(u') = f{uJ h uJi) - f(u}i,u 2 ) = fj.(uji) 



and 



f(u,u')d<f>(u) 



d(f)(u)') = f(u 2 ,u 2 ) - f{u)i,L)i) 
= /i(w 2 ) - = /i(fi 2 ) 

Hence, fi actualizes <fi with 0-density /. 



□ 



Notice if we let fi(u 2 ) = and = fi(tt 2 ) = 1 in Lemma 14.11 /i 

becomes the Dirac measure 5 Wl . This shows that <5 Wl actualizes both u>l and 
ujI®uj 2 so actualizing g-measures need not be unique. Also, note that w*©u; 2 
is not (^-preclusive. 

Lemma 4.2. A q-measure fi on A 2 actualizes u^u^ if and only if fi(u>i) = 
li(uj 2 ) = and /i(fi 2 ) > 

Proof. Let = ojIoj 2 and let / : Q 2 x Q 2 — > R be a strictly positive symmetric 
function satisfying 

/(Wl,W 2 ) < /(WljWi) < f(u 2 ,u 2 ) 

Employing the notation of (14.31) we have that 



SW(wi) = / f(u,wi)d<f>(w) = 
and similarly, c/^^! } (^2) = 0. Hence, if /x actualizes with 0-density / then 

Ufa) = J g {ull} (u')d(p(uj') = 
and similarly, /J (0*2) = 0. We also have that 

9chM = / f(w,ui)d<f>(u) = f(ui,u 2 ) 



9a 2 M = / /(w,w 2 )d0(w) = /(wi,w 2 ) 
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Hence, 



The "only if" statement of the theorem holds because we obtain similar 
results for all orderings of f(ui,Ui), f(co 2 , u; 2 ), f(u>i, w 2 ). 

Conversely, suppose that /x(a>i) = /x(c<; 2 ) = and /x(f2 2 ) > 0. Let /: Q 2 x 
fi2 R be the strictly positive symmetric function given by f(ui,Uj) = 
/i(0 2 ), i = 1, 2. By our previous work /x actualizes with 0-density /. □ 

Notice that the g-measure in Lemma 14.21 is not regular. 

Lemma 4.3. A q-measure \x on A 2 actualizes 1 = (B uj 2 (B UJ i U} 2 if an d 
only if fi(ui) , fi(u 2 ) 7^ and /i(0 2 ) = max(/x(u;i),/x(u; 2 )). 

Proof. Let = 1 and let /: Q 2 x f2 2 — >• R be a strictly positive symmetric 
function satisfying 



/(wi,w 2 ) < < f(u; 2 ,u 2 ) 

Employing the notation of (14. 3 p we have that 




Hence, if /x actualizes with 0-density / then 




and similarly, /x(u; 2 ) = f(u 2 ,u 2 ). We also have that 




Hence 




max (/x(u;i),/x(a; 2 )) 
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The "only if" statement of the theorem holds because we obtain similar 
results for all orderings of f(ooi,ooi), f (002,002), f(ooi,oo 2 ). 

Conversely, suppose that /i(cui), ^(oo 2 ) 7^ and /x(fi 2 ) = max (/i(co>i), /i(w 2 )). 
We can assume without loss of generality that /i(cji) < fi(u 2 ) so that fi(Q 2 ) = 
fj,(u 2 ). Define the strictly positive symmetric function /: f2 2 x f2 2 — > R by 
f(oo 2 ,oo 2 ) = n(oo 2 ) and 

f(00!, u 2 ) = f(oo 2 , wi) = f(oo 1: Wi) = Ji(wi) 

By our previous work, \i actualizes with 0-density /. □ 

Lemma 4.4. y4 q-measure fi on A 2 actualizes ujIQujIoj^ if and only if /i(oo 2 ) = 
0. 

Proof. Let = ^©o^o^. If /x actualizes then //(u^) = because 0(w 2 ) = 0. 
Conversely, suppose n(uo 2 ) = 0. Let / : Q 2 x f2 2 — > R be the strictly positive 
symmetric function given by f(oo 2 ,oo 2 ) = 1, 

/(Wi, W 2 ) = f(00 2 , Wi) = 1 + /i(^ 2 ) + /U(wi) 

/(wi, wi) = 1 + //(fi 2 ) + 2^(o;i) 



/ 



Since g {wi} (ui) = /(a;i,a;i), fi^}^) = /(wi,w 2 ) we have that 

g {u , 2} (oo')d<f)(uj') = f (001,00^ - f(u u u 2 ) = 
Of course, g^y = so that 

j 9{u»}(u')d(t>(uo') = = n(uo 2 ) 

We also have 

W^2) = J f(uJ,uJi)d<p(uj) = /(wi.wi) - f(ui,U2) = 
9n 2 M = J f(oo,uo 2 )d(f)(oo) = f(oo ± ,oo 2 ) - f(oo 2 ,u 2 ) = fi(Q 2 ) +11(00^ 
Hence, 



gn 2 (oo')d(f)(uj') = gn 2 M - 9n 2 M = ^(^2) 
We conclude that \i actualizes with 0-density /. □ 
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These lemmas show that the actualization filter need not produce a unique 
coevent. That is, a q- measure may actualize more than one coevent. For 
example let / be the density function given by f(u)\,u)\) = 2 and 



Then the Dirac measure 5 Ul actualizes both ojI © uj\ and u{ © ^{^2 with 
density /. However, u>l © u% is not 5 Ul -preclusive so a preclusivity filter 
would eliminate u{ © u;|. Unfortunately, 5 Ul also actualizes u{ with density 
g(uji,u)j) = 1, i,j = 1,2. Of course, all these coevents are quadratic. By 
contrast, we shall show in Section 5 that if a quadratic coevent is 1- or 
2-generated by a g-measure, then it is unique. 

Let ^3 = {u>i, Co>2, ^3}, A3 = 2° 3 and let .A3 be the corresponding full 
anhomomorphic logic. Since \A^\ = 2 7 = 128 we cannot discuss them all so 
we consider a few examples. 

Example 1. We have shown in [5] that <p — © ^2 © ^3 is not 1-generated 
and we conjecture that is also not 2-generated. We now show that <fi 
is actualized by the g-measure /1 on A3 given by /i(0) = 0, /j,(u>i) = 5, 
/i(w 2 ) = ^({^2,^3}) = 3, fi(u 3 ) = /i ({ui,u 2 }) = 6, ii({uji,u} 3 }) = 9 and 
yu(fi 3 ) = 4. To show that \i is indeed a g-measure we have that 

3 3 



Define the density function / by f{u\,u<i) = /(wi, W3) = 1, f(u2,uj 3 ) = 
= 5, f{u 2 ,u 2 ) = 7, f(u3,u 3 ) = 10. For all A E A3 let 



f(0J 1 ,U 2 ) = /(W2,Wl) = /(W2,W2) = 1 



^ // ({wi, Wj-}) - ^(wi) = 6 + 9 + 3- 5- 3- 6 = 4 = ^(fi 3 ) 





(4.4) 



Employing the notation (14.31) we obtain 



9{ui}M = = 5 > 5 , {^}(^2) = = 1, 

^i}(^3) = /(Wl,Ws) = 1 



It follows that 



/i'(wi) = w 2 ) + f{u u ui) - /(wi, w 3 ) = 5 
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In a similar way we have that 

H'M = /(wi, w 2 ) + /(^2, W2) - /(w 2 , W3) = 3 
A^'M = /(wi, W3) + /(w 3 , W3) - /(w 2 , W3) = 6 

We also have that 

0{wi )W2 }(wi) = - f(ui,u 2 ) = 4 

^{«1,«2}(W2) = /(W2,W2) - /(W1,W 2 ) = 6 

,u, 2 } (w 3 ) = /(w 2 ,wa) - /(wi,w 3 ) = 4 
and hence, // ({u;i,u; 2 }) = 6. Continuing the computations gives 

#{u,ia, 3 }( W 2) = /(W2,W3) - /(W1,W2) = 4 
ff{«i,«s}(w3) = /(w 3 ,w 3 ) - /(Wx, W 3 ) = 9 

and hence, // ({wi, w 3 }) = 9. We also have that 

#{u, 2 ,u, 3 } (^i) = /(^ljWa) - f(ui,U2) = 
#{0,2,0,3} (^2) = /(w 2 ,w 2 ) - /(w 2 ,w 3 ) = 2 

#{o,2,o, 3 }(^3) = /(W3,W 3 ) - /(W2,W3) = 5 

and hence, // ({w 2 , cu 3 }) = 3. Finally, 

ffn 3 (wi) = /(wi,w 2 ) + f(ui,ui) - /(wi,w 3 ) = 5 

W^2) = /(W1,W 2 ) + f(u2,U 2 ) - f(uJ 2 ,U 3 ) = 3 
tfOsM = /(^l'^) + /(W3,W 3 ) - f(u} 2 ,u 3 ) = 6 

and hence, //(f2 3 ) — 4. Since = /i'(-A) for all A e *4. 3 we conclude that 
/i actualizes 0. □ 

Example 2. This example shows that 5 Ul actualizes the coevent = w* © 
w^w^Wg with density given by f(ui,u)j) = 1 for 2 7^ j = 1,2,3, f(ui,Ui) = 2, 
i — 1,2, 3. As before, define // by (??). As in previous calculations, we have 
5Vi}(wi) = f(ui,Ui), i = 1,2,3 and hence, 

= - /(wi,w 3 ) = 1 
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It is clear that 

9{u2}(wi) = 9{u 3 }(oJi) = 
for % — 1, 2, 3 and hence, n'(co 2 ) = I^'(oj 3 ) = 0. We also have that 

0{«i,wa}(wi) = 0{ W i )W3 }(wi) = f(ui,Ui) 
for i = 1, 2, 3 and hence, 

// ({wi, w 2 }) = A*' ({^iw 3 }) = /(wi, wi) - /(wi, W2) = 1 

Moreover, ^{ W2 ,w3}( w i) = for i = 1,2,3 so that // ({u/ 2 , u/3}) = 0. Finally, 
9thM = fiuuidi) - f (001,002) = 1, tfnsM = ^3(^3) = so that //(fi 3 ) = 
1. Since S 0J1 (A) = fjf(A) for all A e A 3 we conclude that 5 U1 actualizes 0. Of 
course, S Ul also actualizes u{ so we again have nonuniqueness. □ 

Example 3. Calculations similar to those in the previous two exam- 
ples show that = u\ © uj\ © u/3 © oo\oo\ is actualized by the g-measure 
H given by /i(0) = 0, /i(wi) = fx(Q 3 ) = 1, /i(u/ 2 ) = // ({wi, u; 2 }) = 4, 
/i(w 3 ) = (j, ({001,003}) = 3 and /x ({w 2 , w 3 }) = 2. The corresponding density is 
given by 

f(ui,ui) = f (002,002) = 2 
f(oo 3 , uo 3 ) = f (001,002) = 4 
f(oJi,oo 3 ) = 5, f(oo 2 ,oo 3 ) = 8 

It can be shown that is also actualized by the g-measure v given by z/(0) = 0, 

v(ooi) = u({u 2 ,uj 3 }) = v(Q 3 ) = 

v(u 2 ) = 1/(0/3) = ^({wi,w 2 }) = ^({wijWa}) = 1 

The corresponding density is given by f(oOi,ooj) = 1 for i,j = 1,2,3, (i,j) 7^ 
(2,3) or (3,2) and f(oo 2 ,oo 3 ) = 2. In the second case, is not //-preclusive. □ 

5 Generation 

This section discusses existence and uniqueness properties of 1- and 2- 
generated coevents. We first consider existence. It is clear that any coevent 
in A 2 is 1- and 2-generated (and actualized). We now discuss coevents in 
A* = A* n that are 1-generated. 
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A g-measure on A whose only values are or 1 is called a pure q-measure. 
A pure g-measure can also be thought of as a coevent in A* and such coevents 
are called pure coevents. Thus, a pure coevent is an element of A* that is 
also a g-measure. Although this appears to be rather specialized, there are 
quite a few pure coevents and most g-measures can be written as convex 
combinations of pure g-measures. 

It is clear that any £ A\ is a pure coevent. It can be shown that of the 
128 coevents in .4.3, 34 are pure [7]. 

Example 4. Examples of pure coevents in A3 are u*, co* © cu%, u* © ujIoj^, 
oj*oJ2, uj* ffiwlffio;^, w*©w*W2©wm, c4©c4©c4c4©WiW3, w*©c4c4© 
uj\ujI © W2W3 , u\ © © ^3 © ^1^2 © w*^3 © u^Wg and the rest are obtained 
by symmetry. An example of a £ Ag that is not pure is = © 0J2 © Wg. 
Indeed, 0(^3) = 1 and 

({wi, w 2 }) + ({wi, w 3 }) + ({w 2 , w 3 }) - 0(wi) - (j){u 2 ) - 0(w 3 ) = -3 

Another example of a nonpure element of .A3 is ip = oj* © u^Wg. Indeed, 
V>(0 3 ) = and 

V> ({wi, ^2}) + V* ({^i> ^3}) + tp ({w 2 , w 3 }) - V(^i) - ^(^2) - ^(^3) = 2 □ 

Lemma 5.1. If £ A* is £>ure, i/ien quadratic. 
Proof. We must show that if satisfies 

0(AU J BUC) = 0(A U 5) + 0(A U C) + 0(5 UC)- 0(A) -0(B)- 0(C) (5.1) 
then satisfies 

0(AU5UC) = 0(AU5)©0(AuC)ffi0(fiUC)©0(A)ffi0(5)©0(C) (5.2) 

Suppose the left hand side of ( 15. 2 j) is 1. Then there are an odd number 
of Is on the right hand side of (15. ip . Hence, the right hand side of ( 15. 2 p is 
1. Suppose the left hand side of ( 15. 2 p is 0. Then there are an even number 
of Is on the right hand side of (15. ip . Hence, the right hand side of ( 15. 2 p is 
0. We conclude that (15. 2p holds so is quadratic. □ 

The converse Lemma 15.11 does not hold. For instance, in Example 4 we 
showed that the quadratic coevent u>l © oj% © W3 is not pure. 
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Theorem 5.2. A coevent G A* is 1-generated if and only if (p is pure. 

Proof. It is clear that if is pure, then 1-generates itself. Conversely, 
suppose G A* n is 1-generated by the q- measure \i with 0-density /. We can 
reorder the G fl n if necessary and assume that f(u)i) — di, i — 1, . . . , n, 
where < a x < a 2 < • • • < a n . Since fi(A) = f A fdcf) for every A G A n we 
have ii{u)i) = a>i(j)(ui), i — 1, 2, . . . , n and for i < j — 1, 2, . . . , n that 

fi ({ui, ujj}) = / fd(j) = ai4> ({u h Uj}) + (cij - ai)(j)((jjj) (5.3) 

Letting i < j < k with i,j,k — l,...,n, and A = {uji, Uj, u k } we have 

H(A) = / fdcj) = cii(j)(A) + (cij - di)(J) ({uj, u k }) + (d k - dj)(p(u k ) (5.4) 

J A 

Applying (15. 3 p and grade-2 additivity of fi gives 
H(A) = di4> ({u)i, uj}) + (dj - di)(j){ujj) + di<p ({Ui, u k }) + (d k - di)(f>(uj k ) 

+ dj(f) ({Uj, U k }) + (d k - dj)(j)(u k ) - di4>(uJi) - dj(j)(uJj) - d k <p(u k ) 

(5.5) 

Equating (15. 4p and (15. 5 p we see that all the terms cancel except those with 
a factor of a^. Canceling the di gives 

<p(A) = 0({w i ,w j }) + 0({w i ,u; fc })+0({w j ,w fc })-0(u; i )-0(w j )-0(u; fc ) (5.6) 

We can now proceed by induction to show that satisfies (13. 2p and thus 
is a g-measure. Instead of carrying out the general induction step which 
is quite cumbersome, we shall verify (13. 2 p for B = {ui,Uj,u k ,ui} where 
i, j, k,l G {1,2,... n} with i < j < k < I. As in ( 15.31) we have by (I5.6P that 

fi(B) = / fd(j) = di<f){B) + (dj - di)(j) ({uj, u k , ui}) 
Jb 

+ (d k - dj)(f) ({u k , ui}) + (di - d k )(j)(ui) (5.7) 

= di4>(B) + (dj - di) [0 ({Uj, U k }) + ({Uj, Ui}) + ({u k , UJi}) 

~(j)(Uj) - 0(w fc ) - 4>(u)i)} + (d k - dj)(j) ({U k , Ui}) + (di - d k )(p((x}i) 
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Again, applying (15. 3p and grade-2 additivity of \i gives 

/i(B) = a,i(f> ({ui, Uj}) + (cij - ai)(j){uj) + ai(p {{uj h u k }) + (a k - (Xi)(f)(u k ) 
+ a;0 ({uji, ui}) + (ai - ai)(f)(uJi) + a s <j> ({uj, u k }) + (a k - aA(f){u k ) 
+ dj(j) ({Uj,u)i}) + (a t - aj)<p(ui) + a k (f> ({u k , ui}) + (ai - a k )<f>(ui) 
- 2 [ai<p(ui) + aj(j){u)j) + a k <p(u k ) + ai<f>(u{)] (5.8) 

Equating (15 .7p and (15.81) we see that all the terms cancel except those with 
a factor cij. Canceling the dj shows that (13.21) holds for with m — 4. □ 

It follows from Theorem 1 5 . 2 1 1 hat if is 1-generated then is 2-generated. 
Indeed if is 1-generated then is 2-generated by itself because 



d<fi(u) 



A 



d<f>(u') = / <j>{A)d<j> = 0(A) 2 = 0(A) 



A 



Similar to Theorem 13.11 it also follows from Theorem 15.21 that if is unital 
and 1-generated then is actualized. Indeed, we then have 



d(fi(oj) 



A 



d(/>(u') = / (j)(A)d(j) = <t>(A)<t>(£l) = (f)(A) 



Using these filters we see that the actual reality corresponding to a pure q- 
measure is itself. The next example shows that 2-generation is strictly more 
general than 1-generation. 

Example 5. It is easy to check that = u{ © uj\ © uj\ © is not 

pure so is not 1-generated. Let /x be the g-measure on A3 defined by 
/x(0) = /i(fi 3 ) = 0, fi(u 3 ) = 11 ({wi, w 2 }) = 2, 

= /i(w 2 ) = A* ({wi, w 3 }) = /i ({w 2 , w 3 }) = 1 

It can be shown that \x 2-generates with 0-density / given by f(coi,Ui) = 
f(u 2 , u) 2 ) = 1 and 

f(u 3 , w 3 ) = f(ui, u 2 ) = /(wi, W3) = /(wa, w s) = 2 □ 

The next two results concern the uniqueness of 1- and 2-generated co- 
events. 

Theorem 5.3. If fi 1-generates and ip then = if). 
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Proof. We have that 

n(A) = I m= I gd^P 



for all A G A where / is a 0-density and g is a ^-density for fi. Since 

fd<f> = /(u;)0(u;) 

we conclude that f{ui)(f){ui) = g(u)ip(uj) for every lo G VL. Hence, 0(o>) = 1 if 
and only if ip(oj) = 1 and in this case 

f(u) = g(u) = fi,(u) 

Thus, and ip agree on singleton sets and h{(jS) = if and only if <f>(u) = 0. 
Suppose that < yu(wi) < /i(u; 2 ). Then f{oJ\) < f(uj 2 ) and 

0(wi) = <p(u 2 ) = ipM = ip{u 2 ) = 1 

Similarly, g{ui\) < g(oj 2 ). Since 

/ fd<p= I gdtp 

J {0Jl ,UJ2 } J {u!l,U>2} 

we have that 

f(ui)<p ({wi, w 2 }) + [/(w 2 ) - /(wi)] 0(w 2 ) 

= 5 , (^i)^ ({wi, u; 2 }) + [0(^2) - V>M (5.9) 

Hence, ({ui, co 2 }) = ^ ({o;i, o; 2 }). Next suppose that //(u;i) = and 
A* (^2) 7^ 0. Then 0(wi) = ipiun) = and (fi(cu 2 ) = i[)(uj 2 ) = 1- Again 
( 15. 9p holds. Hence, ({cui, tu 2 }) = if and only if ip ({o>i, w 2 }) = 0. The case 
= /u(w 2 ) = is similar. We conclude that and ip agree on doubleton 
sets. Since and ^ are quadratic by Lemma 15.11 and quadratic coevents 
are determined by their values on singleton and doubleton sets, and ip 
coincide. □ 

Theorem 5.4. If fi 2-generates and ip and both and tp are quadratic, 
then = t/j. 
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Proof. We have that 



f(u,u')d<p(u) 
g(u,u')dip(u) 



d<f){u') 
dip(u/) 



(5.10) 



for all A G A. Letting A = {u} in (15.101) we conclude that 

f(u,u)(f)(u) = g(u,u)i>(u) 

for all u G Q. Hence, (j){ui) = 1 if and only if ip(u) = 1 and in this case 
f(cu, lo) = g(u, uj) = /i(w). We conclude that <p and ip agree on singleton sets 
and = if and only if ^{u) = 0. Suppose < /i(wi) < fi(uj 2 ). Then 
< f(u 2 ,u} 2 ) and 

0(^i) = 0(w 2 ) = v(^i) = 4>M = i 

Assume that /(u; 2 , uj 2 ) < /(^i,^). 
Case 1. g(wi,wi) < g(u 2 ,uj2) < #(^1,^2) 
Letting 

M w ') = / f(u,uj')d(f)(uj), h g (u') = g(uj,u')d(j)(uj) 



we have that 



h f (ui) = /i(wi)0 ({wi, w 2 }) + /(wi, w 2 ) - /i(^i) 
fr/^a) = /i(w 2 )0 ({wi, w 2 }) + /(wi, u 2 ) - /u(w 2 ) 



Hence, 



fi({u 1 ,u 2 })= h f (u')d<p(u') 
J {011,^2} 

= [/i(w 2 )0 {{Ul,CU 2 }) + f(u) U W 2 ) - M^2)] ({Wl, ^2}) 

+ [/i(Wi) - yU(w 2 )] ({^1, U 2 }) + H(U 2 ) - fi(Ui) (5.11) 



If <f) ({ui,u 2 }) = 0, then n({ui,u 2 }) = n(u 2 ) — fi(ui). Since (15.111) also 
applies for ip, we conclude that ip ({u>i, w 2 }) = 0. If 0({u;i,u;2}) = 1, then 
\x ({ui,u 2 }) = f(ui,u 2 ). Again, (15. lip also applies for ip so ip ({ui,u 2 }) = 1. 
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Case 2. gfai,^) < g{u u u 2 ) < g(uj 2 ,u 2 ) 
We now have that 

h g (ui) = nMtp ({wi, u 2 }) + g(u u u 2 ) - 

h g {u 2 ) = g(ui, u 2 )tp ({wi, u 2 }) + n(u 2 ) - g(ui, u 2 ) 

If ip ({oJ\, oj 2 }) = 1, then 



and hence f(u>i,uj 2 ) = (J,(ou 2 ) so that <p ({ui,u 2 }) = 1. If ^ ({o;i, o> 2 }) = 0, 
then 



or /i({w!,w 2 }) = ^(^2) + M w i) — 2g(wi,u; 2 ) whichever is nonnegative. If 
({wi,^}) = 1, then 

2y(u;i, w 2 ) - //(wi) - //(u; 2 ) = f(u u u 2 ) > n{u) 2 ) 

so that 2g(wi,u; 2 ) > 2/i(w 2 ) + /i(wi) which is a contradiction. We could also 



fx(uj 2 ) + - 2g(u 1 , uj 2 ) = f(uji, uj 2 ) > (jl(u 2 ) 

so that 2g(u>i,uj 2 ) < ii(u>i) which is a contradiction. We conclude that 
ip ({ui, oj 2 }) = if and only if ({wi, w 2 }) = 0. 

Case 3. g{u u u 2 ) < ^(wi,wi) < #(w 2 ,u; 2 ) 
We now have that 





hg(u')dijj(uj') = 2g(u 1 ,u 2 ) - - /i(w 2 ) 



have 



/i ff (w 2 ) 



g(u u u 2 )i) ({wx, w 2 }) + ^(wj) 
5f(wi, w 2 )^ ({wi, w 2 }) + /i(w 2 ) 



^(Wi,W2) 
y(wi,W2) 



Hence, 




\g(u)!, u 2 )ij ({uji, u 2 }) + h{uji) - g(ui, uj 2 )] ip ({ui, u 2 }) 
+ /x(w 2 ) ~ 
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If ip ({u>i, co 2 }) = 0, then /i ({wi, w 2 }) = /i(u; 2 )-//(u;i) so that ({u>i, w 2 }) = 0. 
If ^ ({wi, w 2 }) = 1, then 

fJL ({Wi, W 2 }) = fx(u 2 ) > /i(w 2 ) - 

This implies that ({wi, w 2 }) = 1. There are other cases, including the case 
where f(uJi,u 2 ) < f (1^2,^2), but the results are similar. It follows that in all 
possible cases where /i(w 2 ) / we have ({u>i, w 2 }) = t/> ({^15^2})- 

We now consider the situation in which (a(oji) = n(u 2 ) = 0. Then 

(f>(ui) = <j>(u 2 ) = V'M = V'W = 

Assume that 

f(ui,ut) < f(u 2 ,u 2 ) < f{uj 1: u 2 ) (5.12) 

and 

g{ui,ui) < g(u 2 ,u 2 ) < g(ui,u 2 ) 

We then have that 

h f (ux) = /(wi, wi)0 ({wi, w 2 }) , /i/(w 2 ) = /(w 2 , ^ 2 )0 ({wi, w 2 }) 
Hence, 

/i ({wi, w 2 }) = f(wi,wi)<f> ({wi, w 2 }) = Wi)^ ({wi, w 2 }) 

and ({wi, w 2 }) = ^ ({a;i, o; 2 }). All the other cases in this situation are 
similar. 

The last situation that needs to be considered is = 0, /i(w 2 ) > 0. 
Then 4>(uj\) = i/j(cui) = 0, 0(w 2 ) = ip{u 2 ) = 1 and 

f(u 2 ,u 2 ) = g(u 2 ,u 2 ) = fi(u 2 ) 

Assuming that (I5.12p holds, we treat the three cases considered before. 

Case 1. flr(wi,a;i) < g{u) 2 ,u 2 ) < g{u u u 2 ) 
We now have that 

h f (ui) = f{Ui,Ui)<p ({CJI, 0J 2 }) + f(u) U U 2 ) - f(u) U LOi) 
hf(u 2 ) =M w 2)0({Wl,W2}) 
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Since we obtain similar results for h g , we conclude that 

H ({wi, w 2 }) = /i(w 2 )0 ({wi, w 2 }) = t*(w 2 )ip ({^1, w 2 }) 

Hence, ({wi, w 2 }) = ^ ({^i, w 2 }). 
Case 2. ^(wi,a;i) < g(u 1 ,u 2 ) < g(u 2 ,u 2 ) 

As in Case 1 we have that /i ({lui, ou 2 }) = //(o> 2 )0 ^2})- Also, 

/ig(wi) = #(^1, wi)^ ({wi, w 2 }) + g(ui, u 2 ) - g(ui, ui) 
h g (uj 2 ) = g(u lt uj 2 )tp ({wi, u 2 }) + /i(w 2 ) - g(u u u 2 ) 

If ^ ({cui, oj 2 }) = 1, then 

// ({Wj, w 2 }) = /i(w 2 ) = /i(w 2 )0 ({Wx, w 2 }) 

so that ({cui, o; 2 }) = 1. If ^ ({oui, uj 2 }) = 0, then 

H ({wi, w 2 }) = //(u; 2 ) + 5f(wi, wi) - 2^(wi, w 2 ) = A*(w 2 )0 ({wi, w 2 }) 

If (ft ({ui,u 2 }) = 1 we obtain the contradiction, = 2g(ui,u 2 ) so 

({cui, a; 2 }) = 0. Alternatively, we could have /i ({lui, ou 2 }) = so again, 
({wi,w 2 }) = 0. 

Case 3. g{u u u 2 ) < g(ui,ui) < g(u 2 ,u 2 ) 
We now have that 

/i ({wi, u 2 }) = gfa, w 2 )0 ({wi, w 2 }) + jj,(u 2 ) - g(ui, uj 2 ) 
= /i(w 2 )0({wi,a; 2 }) 

Just as in Case 2 we conclude that -0 ({cui, w 2 }) = 0({wi,w 2 }). The other 
cases are similar to the three cases considered. 

We have shown that and ip coincide for all singleton and doubleton sets. 
Since and ip are quadratic, it follows that = ip. □ 

Acknowledgement. The author thanks the referee for correcting mis- 
takes in the original manuscript and making suggestions that greatly improve 
this paper. 



23 



References 

[1] F. Dowker and Y. Ghazi-Tabatabai, The Kochen-Specker theorem re- 
visited in quantum measure theory, J. Phys. A 41, 105301 (2008). 

[2] Y. Ghazi-Tabatabai, Quantum measure theory: a new interpretation, 
arXiv: quant-ph (0906.0294), 2009. 

[3] Y. Ghazi-Tabatabai and P. Wallden, The emergence of probabilities in 
anhomomorphic logic, J. Phys. A 42, 235303 (2009). 

[4] S. Gudder, Finite quantum measure spaces, Amer. Math. Monthly 
(2010). 

[5] S. Gudder, Quantum measure theory, Math. Slovaca (to appear). 

[6] S. Gudder, Quantum measure and integration theory, arXiv: quant-ph 
(0909.2203), 2009 and J. Math. Phys. (to appear). 

[7] S. Gudder, An anhomomorphic logic for quantum mechanics, arXiv: 
quant-ph (0910.3253), 2009. 

[8] S. Gudder, Quantum integrals and anhomomorphic logics, arXiv: quant- 
ph (0911.1572), 2009. 

[9] J. J. Halliwell, Partial decoherence of histories and the Diosi test, arXiv: 
quant-ph (0904.4388), 2009 and Quantum Information Processing (to 
appear) . 

[10] X. Martin, D. O'Connor and R. Sorkin, The random walk in generalized 
quantum theory, Phys. Rev. 071, 024029 (2005). 

[11] R. Salgado, Some identities for the quantum measure and its general- 
izations, Mod. Phys. Letts. A 17 (2002), 711-728. 

[12] R. Sorkin, Quantum mechanics as quantum measure theory, Mod. Phys. 
Letts. A 9 (1994), 3119-3127. 

[13] R. Sorkin, Quantum measure theory and its interpretation, in Proceed- 
ings of the 4th Drexel Symposium on quantum nonintegrability, eds. 
D. Feng and B.-L. Hu, 229-251 (1994). 



24 



[14] R. Sorkin, Quantum mechanics without the wave function, J. Phys. A 
40 (2007), 3207-3231. 

[15] R. Sorkin, An exercise in "anhomomorphic logic," J. Phys. (to appear). 

[16] S. Surya and P. Wallden, Quantum covers in quantum measure theory, 
arXiv, quant-ph (0809.1951), 2008. 



25 



